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Goldbach's conjecture for the Liouville function

Asked 8 years, 1 month ago Modified 8 years, 1month ago Viewed 692 times

Is it true that for every even integer N > 2, there exist positive integers a, b such that
a+b=NandAla) = Ab) = —17

oS

Here A is the Liouville function.
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ON A GOLDBACH-TYPE PROBLEM FOR THE LIOUVILLE FUNCTION

ALEXANDER P. MANGEREL

ABSTRACT. Let A denote the Liouville function. We show that for all sufficiently large integers N,

the (non-trivial) convolution sum bound

ST AmAN —n)| <N -1

n<N

R ARXS - MEBT

holds. This (essentially) answers a question posed at the 2018 AIM workshop on Sarnak’s conjecture.

HE5Z: https://arxiv.org/abs/2404.12117
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Liouville's Goldbach Problem
for Multiples of Four

The problem

FFor a positive integer m, let &(n) = (=1)"""", where £3(n) counts prime factors with multiplicity.
Thus i(p) = =1 for every prime P, and Mab) = Aa)d(b) for all positive imegers a, b,

In 2018, Shusterman asked whether every even integer N> 2 can be writien as N =g 4 b with
ab>0 and Ja)=A(b)=—1 [I}. This weskens the binary Goldbach conjecture: each
summand need only have an odd number of prime factors. counted with multiplicity.

M. | proved an i ion hound [2], recalled below. He later proved
Shusterman’s assertion for all sufficiently large even integers under the Generalised Riemann
Hypothesis for Dirichlet L-functions [3, Theorem 1.2). The same paper records an elementary
unconditional proof for multiples of eight [3, Section 6.2]. We prove the following.

Theorem. Every positive integer divisible by four is the sum of two positive integers whose
Livuville values are both —1.

o

The only external theorem needed is Mangerel's bound [2, Theorem 1.2):

m—i
X Amdiim = m)

<m=-1 (mz 1), n

In particular, some pair summing 1o # has equal Liouville values: otherwise every term would
be —1. making the absolute value exactly m— 1. The descent below turns this unspecified
equal-sign pair at m into a pair of negative signs at 4m.
A descent
Lemmua. Let m > | be odd and not divisible by three. If no pair of positive integers summing
to dm has both Liouville values =1, then

Aln) = —dm —m) (I =n<m)
Prool. Multiplication by four preserves Liouville values, so there is no pair of negative signy
summing 10 m. Multiplication by two reverses them, so there is no pair of positive signs
summing 1o 2m.

It remains 10 exclude a pair a + b=m with i(a) = i(h) = |. Suppose such a pair exists. Since
mi s odd, we may onder each such pair with o < b. Choose one minimizing b —a.
First, neither summand is divisible by three. If b = 3¢, then dic) = —1. The absence of a pair of
megative signs at m forces A(m — ¢) = 1. and hence

AQ3m =By =i(Mm=cN==1.
The complement of 3m = b ai 4m is m+ b, so Am+bj=1, Bui @+ (m+b)=2m is now a
forbidden pair of positive signs. Interchanging a and b also excludes divisibility of @ by three.

Since 3 does not divide m=a + b, the nonzero residues of ¢ and b modulo three must be
equal. Therefore

a' =2 b =03k
are positive integers with @ + b =m., The pairs b+ (m + ) =2m and o + (m + b) = 2m force
Mm+a)=Am+by=-1. Muohiplication by three reverses Liouville wvalues, so
Ma )=4ib)=1.Yer

Nch —a =5t ch-u,

contradicting minimality. Thus every pair st m has opposite signs. is claimed. O

Completing the proof
Write N'= 4m. Suppose first that m > 11 and neither two nor three divides . If the required
pair al dm were absent, the lemma would force every summand in (1) 10 be —1, contradicting
Mangerel's bound.
Next observe that
§=345=444, R=5+T7=6+6

For each wtal. the first pair has two negative signs and the second has two positive signs.
Multiplying all summands by any positive integer d multiplics both signs by i(d). so these two
possibilities are either preserved or inerchanged. Hence every multiple of eight or iwelve has
& pair of pegative signs. This covers 2 [ and 3| m,
The only positive integers m < 11 divisible by neither two nor three are 1.5.7. They are
covered by

4=242 0=3+17. 2M=54+123,
whose summands are all prime. This proves the theorem. O
Formal verification. The g Lean 4 checks the y argument
and the deduction from Mangerel's bound, using Mathlib’s Liouville function. Mangerel's

published theorem is an explicit input: its proof is ot part of the formalization. The
‘mathematical theorem above is unconditional.
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Lemma. Let m > 1 be odd and not divisible by three. If no pair of positive integers summing to 4m has both
Liouville values —1, then

A(n) = —A(m —n) (1<n

Proof. Multiplication by four preserves Liouville values, so there is no pair of negative signs summing to m.
Multiplication by two reverses them, so there is no pair of positive signs summing to 2m.

It remains to exclude a pair a + b = m with A(a) = A(b) = 1. Suppose such a pair exists. Since m is odd, we
may order each such pair with a < b. Choose one minimizing b — a.

First, neither summand is divisible by three. If b = 3¢, then A(c) = — 1. The absence of a pair of negative signs
at m forces A(m — ¢) = 1, and hence

ABm—b) = A(3(m—c)) = — 1.

The complement of 3m —batdmism+ b, so A(m+ b) = 1. But a+ (m + b) = 2m is now a forbidden pair of
positive signs. Interchanging a and b also excludes divisibility of a by three.

Since 3 does not divide m = a + b, the nonzero residues of a and b modulo three must be equal. Therefore

a,_m+a bf_m+b
- T3

are positive integers with @ + b = m. The pairs b + (m+a)=2mand a+ (m+b) =2m force
A(m + a) = A(m + b) = — 1. Multiplication by three reverses Liouville values, so A(a’) = A(b) = 1. Yet

0

contradicting minimality. Thus every pair at m has opposite signs, as claimed. @, /1
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Completing the proof

Write N = 4m. Suppose first that m > 11 and neither two nor three divides m. If the required pair at 4m were
absent, the lemma would force every summand in (1) to be —1, contradicting Mangerel's bound.

Next observe that
8=34+5=4+4, 12=54+7=6+6.

For each total, the first pair has two negative signs and the second has two positive signs. Multiplying all
summands by any positive integer d multiplies both signs by A(d), so these two possibilities are either
preserved or interchanged. Hence every multiple of eight or twelve has a pair of negative signs. This covers
2|mand3|m.

The only positive integers m < 11 divisible by neither two nor three are 1, 5,7. They are covered by
4=2+2, 20=3+17, 28 = 5+ 23,
whose summands are all prime. This proves the theorem. [J

Formal verification. The accompanying Lean 4 development checks the elementary argument and the
deduction from Mangerel's bound, using Mathlib's Liouville function. Mangerel's published theorem is an
explicit input; its proof is not part of the formalization. The mathematical theorem aboveis unconditional.
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